The ThumMusic System

An Efficient Paradigm for Music Education

ABSTRACT

The ongoing doubkexponential rate of advance
in technological efficiency has led to increased
labor productivity in many fields of human
endeavor, but not in music educatiomhe
resulting relative
return on investment hamit music education in
crisis. The ThumMusic Systens an alternative
paradigm forthe display and control of musical
information that has the potential tancrease
musi c e d laloon tpriodwuativitys while
increasing expressive potentialembracing
cultural diversity, and offering new creative
opportunities.
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CRISIS IN MUSIC EDUCATION

Many leading music educators believe that their
field is in crisis. For examplan their Call for
Papers for the 2008naual conferencethe
College Mwsic Society statedLP] that

ASomeésuggest ppehirgt
in music today is not at all dissimilar to a
global warming crisis for our field. If a
certain desperation is detected in this
call, it is meant only to break thugh the
encrusted proprieties of ademic
pretension. Ideas that may have served us
well in the past [may] now hold us back.
The Piogram Committee invites new,
thoughtprovoking, even revaotionary
ideas. o

Likewise, Joan Brandvold Schmidtformer
Presigént oft h e U\&tidakSchool Boards
Association wrote 35 that

This is a dark and dangerous time for

decl imdsk edudhtionplogranss. TRedparglialt i o n ¢

forces of political pressure and economic
reality have reached a critical juncter
and the result is a toxic environment that
jeopardizes the very existence of an
education system that serves the needs of
the whole child.

Nor is this strictly an American phenomenon.
Thefinalr eport of Australd.
of School Music Edud#n [30] concluded that

aob

There has been considerable debate
about the seriousness of the current
situation. Some on the Steering
Committee argued for using the term
crisis The Review team has avoided the
connotations of suclanguage, but notes
that the evidence points to this beiag
time when action must be taken, a critical
turning point [emphasisn the original]

Cause of the Crisis

w h &heongoisgdohby-exponential rate of advance

in technological efficiency 43] increases the
labor productivity of many human activities.
However, the impact of technology on the labor
productivity of musical performance and
education has been sm§ll]. As a result,the
return on invesnent (ROI)in music education
is constantly falling in relative termp4, 5].
Given thatpeople generallyseekto maximize
ROI, an eventual crisis in music education was
inevitable.

To cur ett hde siecds & ganveef t
industrie® [4] such as music education, one



must first understand its causes. Baumg|l [ 1 increases in standardization.

writes .
Therefor e, to succeed in

in music education, anyrgposed solution must
demonstrate an ability to increase music
educationods ROI by i nc
efficiency, perhaps in part by increasing its
potential for standardization(although any

iThere are at least two reasons why
rapid and persistent productiyi growth
has eluded the stagnant services.

First, some of them are inherently alternative paradigm would, inevitably, be ron
resistant to standardization. Before one standard at théime of its proposal, initially
can undertake to cure a patient or to reducing standardization)

repair a broken piece of machinery it is
necessary to determine, case by case, just
what is wrongand the treatment must
then be tailored to the individual case.
The manufacture of thousands of
identical automobiles can be carried out
on an assembly line and much of the work
done by industrial robots, but the repair Paradigm Defined

of a car just hauled to a garage frothe A par ada phimsoghisal afid theoretical

site of an accident can not be entrusted framework of a scientific school or discipline

completely to automated processes. within which theories, laws, and generalizations
and the experiments performed in support of

Furthermore, simple respect for the Ilimited
means of taxpayers requires that before asking
them to maintain or increase funding for music
education in the public schools everything
possible must & done to maximize its
efficiency.

A second reason why it has been difficult them are formuléed 24]. Paradigms involve
to reduce the labor content of these consensus within a scientific community on (a)
services is the fact that in many of them what is currently held to be true; (b) acceptable
quality is, or is at least believed to be, methodologies; and (c) acdaple instruments
inescapab} correlated with the amount and tools 2.

of labor expended on their production.

Teachers who cut down the time they
spend on their classes or who increase
class size, doctors who speed up the
examination of their patients, or a police

force that spends less time oe theat are

all held to be shortchanging those whom

Regardingthe latter point, Kuhn writes2p, p.

40] AAt a | evel |l ower or
of laws and theories, there is, for example, a
multitude of commitments to preferred types of
instrumentation and to the ways in which
acceped instruments may legitimately be
empl oyed. 0

they serve.
. . _ Music Education : Shiftless?

This, then, is why the stagnant services It has been argued29] that music education

have consistently provepl unamenaplg to cannot undergo a paradigm shift becau&®

steady and substantial productivity only hard sciences have paradigity the hard

growth, that is, to reduced labor content. science of acowstics is the same for all
To paraphrase the abovthe causeo f t o d a Pasagigmsf music educationand therefore (c)
crisis in music education is that its cent all philosophies of music education are based on
paradigm is not amenable to the same acoustical paradigriowever, an
9 reductions in labor input (either by teacher alternative paradigm fdahe acoustics of musical

or student), noto soundhas recently been proposethe Matix



[31]0 thatfacilitates a paradigm shift in music below).This mismatch is partially addressed by

education those nethods of vocal music instruction which
name notes using Amovea

Paradigms: Music Theory based minor,o but these

I'n brief, musi chatmbneo r yt®isstrurhehtationi of notationa |
paradigm, which is referred to herein ahe

Pythagorean paradigmassertghat consonance The ThymMusm System 1S dQeS|gne? to rimﬁve
arieks from Aratios 0.0 S ﬁ?'& |rg|1|sm moqu epf‘?‘ﬂlﬁ.‘fﬂp 608? v !'fh
This assertions true for timbres whose partials . €scribe and aurol musical information with
fall in the pattern known as théarmonic Series interval invariance. The result is a system which

ie. fiharmoni ¢ Subsequentr e %crueljenges what musieducation haseldto be

researchers e.g., Mersenneand Helmholtd th(ilbcl)m' the‘detep stru?tltjr:e of musm:$,|
may have grounded this numerological methodologies (in terms of the seque

observation in physics, but théheoretical e_mp;hg&sqf Stk'"S arl[d cogce;ztsil), aniés tools
primacy of such ratios remaifd7]. (including instruments and notation).

The ThumMusic System is, in short, a new

When using harmonic timbres, such alignment , . .
paradigm for music education.

is obtained only through use of the Just

Intonation tuning systenip). THE THUMMUSIC SYSTEM

However, many noiWestern cultures use Goal and Method

|nharmﬁn|c t'mbrﬁf[?f]’ andd g;/e? Western The design goal of the ThumMusic System is
music has generally tempered 1ts tunings away parsimony the ability to explain much with

from Just Intonation for the last several little [37]
centuries 2]0 anomalies thatchallenge the '

Pythagoreamarmonicparadigm. This goal was approached bidentifying
musical properties that werewvariant (i.e.,

consistent under transformationland to
exposuretheir invariance throughsomorphism
(i.e., consistency of mapping).

The Matrix harmonic paradigm, on the other
hand, asserts that consonance ari$esn the
alignment of pitch and partiaeven when those
partials are considerably removed from their

harmonic positions. The Matri paradigm Importantly,this apprach places low value on
embraceshe Harmonic Serieas a special case,  backward compatibility withmusicma ki ng o s
but also generalizeBarmonicmusic theory to traditional Ul. It sacrifices compatibility with
embraceboth Western temperaments arde the traditional Ulfor even moderate gains in
music of norWestern cultures a genera| way isomorphism and/or invariance as a means of

by tempering tuning and timbre togethai]. achievingparsimony.

Likewise, the maximizatiorof simplicity, per

se was not a design goal in itselfln our

opinion, designing for simplicity can sometimes
compromise generalityi.€., Adumb dowt
whereas designing for parsimony tends to
increase both simplicity and generality

Paradigms: Music Education

The traditional Western paradigm of music
educationrests on the Pythagorean paradigm
using traditional orchestral instruments and staff
notation as its primary tools. These tools are
pitch invariant That is, notes are named,
notated, and controlled according to their pitch. Transpositional Inva  riance

There is a fadamental misnatch between the It is well-known that the familiar interval
pitch invariant tools of music education and patterns of music theodysuch as the diatonic
mu s i imtedval invariant structure (discussed  scale, the major triad, theiVcadence, theii



Vil chord progression, eft.all have the
property oftranspositional invariancethey do
not change when transged to a different kely.

This same property of transpositional invariance
is shared by isomorphic buttdields [25].

The Isomorphic Button -field

A buttonfield is a geometric arrangement of
notecontrolling buttons. Anotelayout is a
mapping of notes to a buttdreld. The word
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Figure 1: A button-field optimized for use with
Wi cki 6s i solayout.phi c not e

isomorphicc omes from the GrWegkKkirbotRotig sloyout- has
(equal ) and &ntésusedhereif s PaXp gnstruments such as _ ba_ndoneons,
to mean fisame shape. o concertinas, and bayans2. The historical use

On a buttorfield with an isomorphic note
layou® i.e., an isomorphic buttoffieldd
presing any two buttons that have the same
geometric relationship to each other sounds the
same musical interval. The shape of the
imaginary line connecting the centers of those
two buttons is thebuttonfield shapeof that
interval.

Any gi ven iomfielé shape lisGle
same everywhere on an isomorphic bufiierd
(excluding edge conditions)herefore, on an
isomorphic buttoffield, any given sequence or
combination of musical intervalsa scale, a
melody, a chord, a chord progression, dteas

the same shape within a key and across all keys
[21].

The isomorphic notéayout used in the
ThumMusic Systemshown inFigure 1 below,
was described by Kaspar Wicki in 189].

"It is perhaps more accurate to say that the patterns are
perceivedto be invariant, but this paper will take that
perception as reality.

of such instruments to competently perform a
wide variety of complex and challenging
chromatic music shows that the Wicki note
layout is a practical musicontrol interface.

Examples of the butteh i e | d 6 sitionalr a n s |
invariance are shown in Figures 2 and 3, below.

Figure 2: Isomorphism of C Major scale (grey lines)
and F Major scale (black lines).

Figure2 aboveshows the major ste in C (grey
arr ows) and F (bl ack
buttonfield shape is the same in both keys, and
indeed in every key.

a |



sargam the numbers 0 to 11 (numbering the
notes of the chromatic scale), and tonic aolf
The ThumMusic System usdbke variant of
tonic solfa which can be describedrasveable
Do with a Labased minorfor reasons that will
become apparent later in this paper.

Tonic solfa gives a unique name to seven
diatonic intervals and ten chromatic entals
(five flats & five sharps), as shown Table 1

below.

Flat Natural Sharp

(Ti) Do Di
Figure 3: Diatonic tertian triads of C Major. Ra Re Ri

_ S . Me Mi (Fa

Figure 3 abovebelow shows the diatonic tertian : :
triads of C Majod that is, the triads built by (Mi) Fa Fi
stacking diatonic thirds on top of the root of Se So Si
each degree of the C Major scale. Le La Li
The buttorfield shape of each kind of triad in Te Ti (Do)
root positio® major (IV, I, & V), minor (ii, vi, Table 1: Tonic solfa interval names.
& iii), and diminished (viip directly reflects There are. many irritatin mcon&mues in
the shape of the fAstack gqfi ¢i Ntggn % gls fafoQ@ B Whhig
it is constructed. The buttefireld shapes of inconsistency is a mlssed opportunity  to

these triads,. and theT geqmetrip _relationships enhance parsimony by replacing a large set of
among the triads, are invariant within a key and  gpecial cases with a much smaller set of rules.
acioss keys.

. ) ) , , For exampl e, Mi and Ti b
The transpositional invariance of the isomorphic  he yowel otherwise used indicate sharpness,
buttonfield offers a significant increase in and Re ends in 6e6., whic
parsimony  vs.  traditional  musiontrol used to indicate flatness. We considered
interfaces. correcting  such inconsistencies to increase
The above depictions of isomorphic button parsimony' but decided that the benefits were
fields use traditional pitch names. Howeveisit insufficient to outweigh the cost of alienating

possib e to increase the these whene samifaritySwitls toricnselfs might
parsimony by breaking compatibility with pitch ~ predispose them to support the ThumMusic

names and embracing another old idea instead: System. The only change we made to the
tonic solfa. traditional tonic solfa names was renamisgl

Tonic Solfa

The ability to express patterns of intervals in a

pitch-independent manner is central to tonal

musictheory. Many systems have been invented ' We like Do Ra Ma Fo So La Ty for the natural notes. _

to meet that need, including the association of Eachvowelindicaes i ts noteo6s diatoni
. maj or , cad = minor, 6yo6 = dir

Roman numerals withmode degrees, the sharps, 6e6 for single flats,

Nashville Numbering System, North Indian andéaheméodéwod -harps  (edyo u MW, e
pronounced fimood) .




to Sg which provides an invariant twletter
naming pattert.

ThumMusic Button -field

The ThumMusic System associates each tonic
solfa note name with an invariant location on
the isomorphic buttofield, resulting in the
ThumMusic buttorfield, as shown irFigure 4
below."

Figure 4: The ThumMusic button-field.

If the intervals have invariant buttdield
locations, then the buttefield locations of the
pitches must vary from key to key (through
electronic transposition). To play in C Major,
one performsa use-interface control gestur®
indicate thatDo should sound the note C. To
indicate C minora similar gesturendicates that
La should sound a C (hendsa-based minox.
To indicate Bflat Lydian, a similar gesture
indicatesthat Fa should sound afiat, and so
on, for other keys and mode$hese control
gesturs can bemade during performance to
effect a key change.

Reducing Musi-®b s
The goal of parsimony dictates that the number
of symbols used to describe musical information
should be as smahs possible (but no smaller).
With this in mind, we replaced the usetab of
musi c educat.i
tonic solfa names.

" Technically, this renamingf Sol means that the
ThumMusic System uses tonso-fa, not solfa, but we
are not going to insist on this point.

YDof | at i |l abel ed
l abel ed Myo instead
explained below.

S
f of

Eliminating Greek Mode Names

On the ThumMusic buttefield, thenotesof the

c ur r e n diatokicesgale aways fall on the
white buttons, while the chromatic notes always
fall on the black buttons. Abf themodes of the
diatonic scale are played using the same
diatonic cycle of note (Do, Re, Mi, Fa, So, La,
Ti). In the ThumMusic System, theode is
named usig its tonicd sname For example,
lonian (major) is named Dmode, whereas
Aeolian (minor) is named Lenode.

This use of tonic solféor mode nameseduces
musi cbés symbol set Wi
compared to having to learn Greek mode
names.

Eliminating Roman Numerals

Traditional notation names pitches, and
therefore needs a separate notationntome
transpositionallyinvariant features such as

mode degrees, for which it uses Roman
numerals.
For example, consider the diatonic cycle

represented by éhpitches A B C D E F G.
Starting the cycle on A would give the A
Aeolian (minor) mode of the diatonic scale
whereas starting the cycle on C would give the
C lonian (major)mode of the diatonicscale.
Traditional Roman numeral notati would
describe thigycle, from its starting note, as:

T A:iiiclllivv VIVII

Symbolf B:i°lliiiivV VI vii

The traditional naming afnhode degrees has the
advantage of conveying information about tonal

N fupctioni tonic (1), dominant (V), mediant (ll1),
onos witr ad |e,£_.|1 i an gelllsilygr%éf)e'ﬁ$opml. e é

However, he ThumMusic System does not need
to describe tonal functions in its naming system

t hoc

because they are easy grasped by inspection of

the ThumMusic buttosfield.

i Dsharp is n s t s dreestthéfhpumMuysicaSystenip; usetonic
i F solfa names insteads of nRomamumieralsy ito |

be

describe chords and chord progressions. For



example, the IV¥Vil chord progression is
described as the F&d Do progression, thefii
Vil as ré Sa Do, and the IVviTiii V-l as Fa
lai rei Sai Do.

Benefits of Symbol-Set Reduction

Reduci ng mu s dset liy ®limmatimg lthe |

use of Roman numerals fonode degrees and

Greeklocalities for mode names makes learning

easier by

1 presenting students witfewer symbols to
learn and by

1 exposing the relationships among the set of
concepts forwhich the same symbgkt is
used.

Using tonic solfa to name the notes on a button
field may increase parsimony, butisocreates

a problem: it is not compatible with traditional
staff notation.

Staff Notation

The ThumMusic buttonfield is interval
invariant, due to its use of tonic solfa, but
traditional notation is pitch invariantTo
provide a 1:1 mapping betweantecontrolling
buttons and staff locations (antte versy, the
ThumMusic System requires an interval
invariant staff notation

Onecoud simply associate the lines and spaces
of the traditional fiveine staff with intervals.
However, the traditional staff is not invariant in
an important way:the gap between some
adjacent lines corresponds to a major third and
others to a minor third. @ maximize invariance,
the staffds vmmrespond ad
monotoni@lly-increagng scale measured in
cents so that the vertical gap between any two
notes would invariantly indicate the interval
between them.

Fortunately,theseneeds were materfectly by
another old idea: the chromatic staff, first
described byRoualle de Boisgelou in 1732].
Combining thechromatic staff with tonic solfa
givesthe ThumLine staff.

ThumLine Staff

The ThumLine staff, shown iRigure 5 below,
maps a tonic solfa interval to each line and
space of the staff.

i Do

Figure 5: The ThumLine staff.

Pairs of intervals that are enharmonically
equivalent in 1zone gual temperament tuning
share the same staff location. For example, the
augmented second (Ri) and the minor third (Me)
share the space between theliRe and the M
line. These intervals can be distinguished by
using pointed notbeads, with the sharp
inte r v a |l shéads rpairtirg up and the flat

i nt er v-Adads Pointing down.

At the far left of the staff irFigure5 above a
stack ofscale dotdndicates the set of intervals
that are in thecurrent scale The diatonic scale
is indicated. The (somewhat larger) diamond
shaped scale indicator indicates tharrent
tonic (and thereby the current mode of the
current scale). The horns of the cresegrdped
clef sign always point to DaChanges of sda,
key, and mode can be indicated.

The ThumMu s iapprodsly o tsaalesd s
and modes does not apply only to the diatonic
scale. For example, the double harmonic scale

a gan ve deskribed lasl the cyclical sequence Re

Mei Sdé Sd Lai Tei Ra, of which the Renode s
the double harmonic major, and the-i8ode is
the Gypsy Minor.

All other symbols from traditional music
notation (e.g., meter, rhythm, dynamics, etc.)
are retained inThumLine staff notation with
their traditional meanings.

To indicate a particular keythe composer
would place a reference pitch (e.g., G@d)the
left of ThumLi ne 6 sshapkd d@omo n d



indicator. To transpose the piece to another key,
one would just erase the reference pitch and
write in a new one. No other changes would be
necessary. (Aat is, after all, what

Atranspositineang!| i

However, there is little reason for a composer to
specify a particular key, since to do so is to
make assumptions about the tessitura of the
performing ensemble that may not be taiie¢he
time d performanceThe ensemble may need to
transpose the piece down to accommodate its
|l ead singerds scratchy
expect that the reference tone will not usually be
determined until just before performance.
(Computer scientists will recogre this adate
binding)

ThumLine meets the needs of atonal music
simply by not specifying a scale or tonic. A

stack of numerals (instead of scale dots) may be
used to indicate the order of notes in a tone row.

The ThumLine staff and ThumMusic button
field are both isomorphic with the underlying
structure of music, so they are also isomorphic
with each other, as shownkigure6 below.

Figure 6: Isomorphism of button-field and staff.

The Tonnetz

The tonnet z (al so
|l atticeo) is a map of

or chords by perfect fifths and major thirds.
First described by Euler in 1739, it has been
used as a tool for describing tonal pitch space b
music theorists ever sincg]]

nvar.i

kno erl]e trlg Ies orﬁngd b)ﬁ t't]1e |p| cgq?
pehgose

A#3 — E#4 — B# — FXS5 — CX6 — GX6
\ | | | \ |
F# — C# — G#d — D#S — A#S — D#6
\ | | | \ |

a D3 .— 43 — B4 — B4 . FH5.— CHE
\ | | | \ |
Bb2 — F3 — C4 — G4 — D5 — AS
\ | | | \ |
Gb2 — Db3 — Ab3 — Eb4 — Bb4 — FS
\ | | | \ |
Ebb2 — Bbb2 — Fb3 — Cb4 — Gb4 — DbS

Figurdn 7r Taaditignal tonntzy with pesfegt &fting pldnge .
the horizontal axis and major thirds along the vertical
axis.

The tonnetz is usually depicted as a {wo
dimersional plane, as iRigure7 above

The axes of the tonnetan be adjustetb align
with the axes of the ThumMusic buttéield, as
shown inFigure8 below.

Figure 8: Tonnetz aligned with the ThumMusic
button-field.

The red lines denote axes of perfect fifths; blue
lines denote axes of major thirds; green lines
denote axes of minor thirds.

=

I e gree lines _aboye e éj j
tngd minor tria sg]o ?onar space (dmﬂm[cmgg
triads run along the green lines). These triads

are shown irFigure9 below.



fa la di )
/ Ra Fa / La Di te re fi

me (o) ti ri .
/ Du Me So Ti / me 0 tl
W do mi / si /\ Me So
Le Do Mi Si
/ Ra fa o la o di o my & 0 ml

Le Do Mi
Figure 9: ThumMusic button-field's map of tonal ~
space. fa la
The tonnetz is particularly wedluited for Ra Fa La

illustrating the relationships among chords and
chord progressions. For example, consider the
chord progressions shown iRigure 10 and

Figurell, whi ch can be s e e nOnthoond landethetfdctethatfittse al huenMusic

shape. o buttonfield is an embodiment of the tonneian
be a surprise; who would expect a buttoeld
te re fi to map directly onto tonal pitch space? On the

other hand, it is a direct result of the isomorphic
mapping of the buttofield to the invariant
structure of music.

At first glance the ThumMusic System could be
Me So criticized for emphasizing a view of music that
i is not just outdated (with its vocabulary based
0 mi on modes) but somewhat ethnocentric, too.
Le Do Mi After all, the tunings of mny nonWestern
— culturesd6 music appear
\a la the ThumMusic System. However, the
Ra Fa La ThumMusic Systenexposes, in a simple wag,
relationship among théunings used inmany
world musics.

Figure 10: The Fai Sa Do (IV1Vil) chord progression. Tuning invariance

It turns out that the ThumMusic Systeis
compatible with the music of many cultures,
including many that were previously divorced
from Western music theorylt does this by
exposng, through isomorphism, a level of
musical invariance that was not previously
recognizedtuning invariancg25].

In brief, the music of many cultures shares a
deep, invariant pattern oklationships among
intervals  described by the syntonic



temperament25]. Along the syntonic tuning
continuum are found many tunings used by
Western cultug (both today and in the past)d
by the indigenous music of many n@vestern
cultures.

The syntonictuning continuums generated by
two intervals the octave and the tempered
perfect fifth (P5). All of he other intervats the
minor second, the major third, the augmented
sixth, etcd are derived from a long stack of
tempered perfect fifths, plus or minus octaves.
Holding the octave constant at 1200 cents and
varying the width of the P5 in a smooth
continuumfrom a low of 6& cents to a high of
720 cents produces thesyntonic tuning
continuumshown inFigure12 below|[25].

In Figure1l2, N-MET 0 o todftiodesequal
t e mp e r aForeemampl&y when P5 = 700
cents, the syntonic tunings equivalent to
standard 12oneequal temperament tuning ¢12
TET).Y

The syntonictuning continuumincludes many
other tuning possibilities. Pythagorean tuning
(P5° 702) and Yacomma meantone tuning (P5
© 696.6) have a long history in European music
[2]. Ancient Chinese bronze bells may also have
been tuned in Y6omma meantone6]. Some
Arabic music has been de#md as using
extended Pythagorean tuning, although notated
in 24-edo [L8]. The tuningsl7-edo, 19edo, and
especially 3iedo have received attention from
Western music theorist8][

Things get eve more interesting at the ends of
the tuning continuum As the width of P5 rises
towards 720 cents, the width of the minor
second shrinks to zero, leaving ae@o scale
that is closely related to the Indones&eandro
scale[36]. As the width of P5 falls towards 686
cents, the minor second increases in width to

YThephra e fiequal t e mpetuningneont O
a temperament and is therefore not used in the
ThumMusic System. Instead, a division of the octave into
N equallysized intervals is called ad-equal division of

the octaveabbreviatedN-eda

1C

match the major second, producing sedb
scale similar to that used in thedigenous
music of Thailand 36] and Mandinka Africa
[20].

Figure 12 The syntonic tuning continuum.

All across the syntonictuning continuum
pitches change, interval widths change, and
even enharmonic equivalencies change,thet
fingering pattern needed tdgy a gven musical
structure remainsnvariant [25]. This fingering
invariance makes it possible to playthe
pentatonic major scal@or examplea s A Do
Mi So Lao all along t
\Whether the ecuirreat tuningab 5 notes per
octave,or 7, orl2,or 17, or 190r even 31the
fingering of the pentatonic major scaler any
otherany given musical structudeis invariant

Re
h ¢



