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The Matrix : A Parsimonious  Paradigm for Music  
 

ABSTRACT  
Ever since Pythagoras first plucked a string 

2,500 years ago, the consonance of ñratios of 

small whole numbersò has provided a paradigm 

for musical harmony and music education. 

However, recent research suggests that 

Pythagoras was wrong, in that he confused a 

special case with a general rule. This confusion 

has led to two related musical crises and an 

anomaly: a crisis of tonality, a crisis in music 

education, and an anomaly in music theory. 

Recognizing the general source of consonance 

leads to an alternative paradigm: the Matrix. 

The Matrix paradigm has the potential to 

resolve the crises, to explain the anomaly, to 

solve at least one old theoretical problem, and to 

provide new creative opportunities. 
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CRISIS & ANOMALY IN MUSIC 
There are two ongoing crises in music: a crisis 

of tonality and a crisis in music education. 

There is also an anomaly, in that the inharmonic 

music of some non-Western cultures cannot be 

explained by the Westôs musical paradigm. 

Crisis in Music Education  
Many leading music educators believe that their 

field is in crisis. For example, the Call for 

Papers for the 2008 annual conference of the 

College Music Society stated [9] that 

ñSomeésuggest that what is 

happening in music today is not at 

all dissimilar to a global warming 

crisis for our field. If a certain 

desperation is detected in this call, 

it is meant only to break through the 

encrusted proprieties of academic 

pretension. Ideas that may have 

served us well in the past [may] 

now hold us back. The Program 

Committee invites new, thought-

provoking, even revolutionary 

ideas.ò 

The historically double-exponential rate of 

advance in technological efficiency [23] 

increases the labor productivity of nearly all 

human activities. However, the impact of 

technology on the labor productivity of musical 

performance and education has been small [3, 

4]. Given that people have only a limited 

amount of time in each day (or year, or lifetime) 

to invest in mastering any given activity, and 

that their return on investment in music 

education continues to fall in relative terms, an 

eventual crisis in music education was 

inevitable. By providing a theoretical basis for 

harmony that emphasizes musicôs invariant 

properties, and by facilitating the exposure of 

those properties through the use of modern 

digital technology, the Matrix paradigm has the 

potential to resolve this crisis. 

Crisis of Tonality  
According to Schoenberg, by 1910 the structural 

resources of tonality had been exhausted [41], 

leading to a crisis which caused many 

composers of art music to abandon tonality. By 

extending the framework of tonality to include 

new structural resources, the Matrix paradigm 

has the potential to resolve this crisis.  

Anomal y in Music Theory  
Pythagorasô ñratios of small whole numbersò are 

an artifact of the Harmonic Series, and as such 

are relevant only to harmonic timbres. Theories 

of music based on the Harmonic Series do not 

accommodate the inharmonic music of some 

non-Western cultures, nor do they directly 

accommodate Western tempered tunings (which 

move their notes out of alignment with the 

Harmonic Series). By providing a unifying 

theory of musical harmony, the Matrix 

paradigm has the potential to resolve this 

anomaly. 
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Crisis and Paradigm Shift  
According to Kuhnôs theory of paradigm shifts 

[22], the accumulation of anomalies and crises 

can lead to a re-examination of a fieldôs deepest 

assumptions. 

TODAYôS PYTHAGOREAN PARADIGM 
Pythagoras, plucking the string of a monochord, 

observed that its tones were most consonant 

when played in ratios of small whole numbersð

such as the octaveôs 2/1, the perfect fifthôs 3/2, 

the major thirdôs 5/4, and so on. This provided 

music theory with a paradigmðthat is, ña 

philosophical and theoretical framework of a 

scientific school or discipline within which 

theories, laws, and generalizations and the 

experiments performed in support of them, are 

formulatedò [25]. 

Pythagorasô paradigm guided, and was 

reinforced by, the scientific discoveries of 

Sauveur, Rameau, Helmholtz, and others, which 

provided an acoustic basis for the Harmonic 

Series and for the Just Intonation tuning system 

arising from it [16]. 

Pythagorea n Problem  
However, the indigenous music of many non-

Western cultures was found not to fit this 

Pythagorean paradigm. The music of the 

Indonesian gamelan, Thai renat, and Mandinka 

African balafon, for example, were all distinctly 

inharmonicðthat is, emitted timbres that did 

not follow the Harmonic Series, nor use 

intervals what followed ratios of small whole 

numbersðand yet still distinctly musical. Some 

concluded that the perception of music was 

merely cultural, with no acoustic basis 

whatsoever [7, 24]. 

A PARTIAL ALTERNATIV E 
In 1992, building on the work of Plomp & 

Levelt [34], William Sethares proposed a 

generalization of Pythagorasôs paradigm which 

embraced the music of these other cultures [37]. 

In very brief, his finding was that intervals were 

most consonant when they aligned a tuningôs 

pitches with a timbreôs strongest partialsð

whether those partials were in harmonic timbres 

or not. 

Sethares found supporting evidence in the very 

inharmonic music that had challenged the 

harmonic paradigm [38]. For example, the 

timbres of the marimba-like Thai renat and 

Mandinka African balafon [19] have strong 

partials that align closely with the notes of the 

7-edo
i
 tunings used in their indigenous music 

[38]. Likewise, the timbre of the Indonesian 

gamelan gong [38], when crossed with a 

harmonic timbre such as the human voice, 

produces a hybrid pattern of spectral peaksð

neither harmonic nor strictly gong-likeðthat 

aligns with the notes of the 5-edo slendro scale. 

There are two essential points in this. 

¶ There are many musically-notable tunings, 

all of which need to be explained by any 

generalized theory of music. 

¶ The key to consonance in any tuning is the 

alignment of notes and partials. 

To discuss tunings, we must first discuss the 

note-matrixða matrix of intervals from which 

the Matrix paradigm takes its name. 

NOTE MATRIX 
The Matrix paradigm is based on a two-

dimensional note matrix, which can be pictured 

as a rectangular grid of cells, like a spreadsheet. 

Each cell is uniquely identified by its row and 

column integers, which (unlike a spreadsheet) 

can be negative. Each such cell, identified as 

ñnote[row, column]ò, represents a unique 

musical interval away from the origin note[0, 0]. 

Each row is alpha cents away from the adjacent 

rows above and below; each column is beta 

cents away from the adjacent columns left and 

                                                 
i
 An n-edo tuning is one which divides the octave into n 

equal intervals of equal width, i.e., an equal division of 

the octave, hence edo. The most familiar example is 12-

edo, usually called ñ12-tone equal temperamentò or 

simply ñequal temperament.ò In the Matrix paradigm, 

temperaments and tunings are different things, so the 

word ñtemperamentò is not used in the names of tunings. 
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right. A small portion of this infinite two-

dimensional note-matrix is depicted in Figure 1 

below. In this figure, each cell contains its 

unique [row, column] coordinates. 

 

Figure 1: A small portion of an infinte two-dimensional note-matrix . 

For example, from the origin note[0, 0], 

¶ the note[1, 0] is one alpha higher; 

¶ the note[-1, 0] is one alpha lower; 

¶ the note[0, 1] is one beta higher; and 

¶ the note[1, -1] is one alpha higher and one 

beta lower. 

To be clear, ñnote[1, 2]ò indicates the unique 

note that is one alpha and two betas higher than 

the origin, while ñ[1, 2]òðwith no preceding 

ñnoteòðindicates an interval that is one alpha 

plus two betas wide. 

TUNINGS 
The choice of unique values for alpha and beta 

defines a tuning. The notation ñt[alpha, beta]ò 

indicates a specific tuning. Each unique tuning 

produces a unique pattern of interval-widths in 

the note-matrix. 

For example, the notation ñt[1200, 700]ò 

denotes the tuning in which alpha is 1200 cents 

wide and beta is 700 cents wide, which 

produces the familiar intervals of 12-edo tuning. 

A range of tunings can be indicated as ñt[alpha 

range, beta range],ò of which an example is 

t[1200, 686-720]. 

Alternatively, a tuning range can be indicated as 

ñt[diatonic interval, diatonic interval]ò in which 

ñdiatonic intervalò is the name of a diatonic 

interval such as the tempered perfect octave 

(P8), the tempered perfect fifth (P5), the 

tempered major third (M3), etc. 

Building the Diatonic Scale  
As an example, letôs build the diatonic scale 

using the note-matrix. 

In the tuning range t[P8, P5], 

¶ alpha is in a range that is suitable for the 

tempered perfect octave, and 

¶ beta is in a range that is suitable for the 

tempered perfect fifth (P5). 

The stack of fifths that includes the tonic solfa 

names of the diatonic scaleôs notes is 

Fa-Do-So-Re-La-Mi -Ti 

That is, Do is one P5 higher than Fa; So is two 

P5ôs higher; Re is three P5ôs higher, and so on.  

Letôs associate Do with the origin note[0, 0] and 

build the major scale from this stack of P5ôs. In 

the tuning range t[P8, P5], this stack of P5ôs is 

expressed in matrix form as 
Fa: [0, -1], Do: [0, 0], So: [0, 1], Re: [0, 2], 

La: [0, 3], Mi: [0, 4], Ti: [0, 5] 

To fit these intervals within a single octave, 

adjust the octaves: 

Fa: [1, -1], Do: [0, 0], So: [0, 1], Re: [-1, 2], 
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La: [-1, 3], Mi: [ -2, 4], Ti: [-2, 5] 

Reordering this stack into the order of notes in 

the descending major scale gives: 

Do: [1, 0], Ti: [-2, 5], La: [-1, 3], So: [0, 1], 

Fa: [1, -1], Mi: [ -2, 4], Re: [-1, 2], Do: [0, 0]. 

That gives us the following formulas for the 

width of each interval from Do, with P8=1200 

but leaving P5 as a variable: 
Do: [(1 * 1200),  (0 * P5)],  

Ti: [(-2 * 1200), (5* P5)]  

La: [(-1 * 1200), (3* P5)],  

So: [(0 * 1200), (1* P5)],  

Fa: [(1* 1200), (-1* P5)],  

Mi: [ (-2 * 1200), (4* P5)], 

Re: [(-1 * 1200), (2 * P5)], 

Do: [(0 * 1200), (0 * P5)]. 

Figure 2 below shows the widths of the intervals 

of the major scale for three different tunings in 

the range t[1200, P5]: 

¶ t[1200, 696.6] (¼-comma meantone); 

¶ t[1200, 700] (12-edo); and 

¶ t[1200, 702] (Pythagorean). 

 

Figure 2: Diatonic scale, t[1200, P5]. 

Clearly, the only difference between these 

tunings is the width of beta. This implies that 

the tuning range t[1200, P5] could contain a 

range of notable tunings. 

A Range of Notable Tunings  
Figure 3 below [26] shows a number of notable 

tunings in t[1200, 686-720]. 

 

Figure 3: Notable tunings in t[1200, 686-720]. 

In Figure 3, the abbreviation ñn-TETò stands for 

ñn-tone equal temperament,ò called ñn-edoò in 

this document as discussed above. These are 

tunings, not temperaments. The only difference 

among them is the width of beta. 

Many notable tunings are shown in Figure 3. 

Pythagorean tuning and ¼-comma meantone 

tuning have a long history in European music 

[1]. Ancient Chinese bronze bells may also have 

been tuned in ¼-comma meantone [5]. 19-edo, 

22-edo, and 31-edo have received attention from 

Western music theorists [2]. As discussed 

above, 5-edo is closely related to the Indonesian 

slendro tuning, while 7-edo is used in the 

indigenous music of Thailand and Mandinka 

Africa. 
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Figure 4: The effect of tuning on note pitches. 

Figure 4 shows a more comprehensive view of 

the effect of changing the tuning. Its note-names 

are based on a simple stack of fifths centered on 

D, as shown in the legend at the right of the 

figure. 

On the left of the body of Figure 4, where beta = 

686 cents, the tuningôs intervals correspond to 

7-edo tuning. As the width of beta increases, the 

intervals separating the notes of the tuning 

change. 

¶ D, the origin note[0, 0], does not change its 

pitch as betaôs width increases. 

¶ A & G, [0, 1] and [0, -1] respectively, each 

being only one beta away from the origin, 

change pitch at betaôs rate. 

¶ E & C, [0, 2] and [0, -2] respectively, each 

being two betas away from the origin, 

change pitch at twice betaôs rate.  

¶ éand so on, with each note that is n betas 

away from the origin changing pitch at n 

times betaôs rate. 

As beta increases from left to right across Figure 

4, it passes through the notable tunings indicated 

in Figure 3. 

These notable tunings are like beads on a string, 

of which the most interesting aspect is not the 

beads, but rather the string. It is a single 

continuous sweep from one end to the otherða 

tuning continuum. 

TEMPERAMENT & TIMBRE  
The Matrix paradigm delivers consonance 

across a tuning continuum by tempering each of 

a timbreôs partials to align with a note in the 

note-matrix. The mapping of partials to notes is 

determined by a temperament. A temperament 

is uniquely defined by a comma sequence [40]. 

A comma is a tiny interval from the Harmonic 

Series, and a comma sequence is an ordered list 

of commas. 

The Matrix paradigm currently uses only rank-2 

temperaments, meaning that the notes of the 

note-matrix are generated by only two variables, 

alpha and beta. 

A temperamentôs defining intervals are the 

ordered set of intervals consisting of alpha, beta, 

and then the commas of the temperamentôs 

comma sequence. Together, they define the 

mapping of a timbreôs prime partialsð2, 3, 5, 7, 

etc.ðto notes in the note-matrix. A timbre that 

has had its partials mapped in this way is called 

a tempered timbre. 

To illustrate this, consider the syntonic 

temperament, which in which alpha represents a 

tempered octave, beta a tempered perfect fifth, 

and the first comma in the comma sequence is 

the syntonic comma.
ii
 

The syntonic comma is the difference between 

four just perfect fifths (3/2), and two octaves 

(2/1) minus a just major third (5/4). The 

syntonic comma can be tempered out by making 

the tempered major third be exactly equal in 

width to four tempered perfect fifths minus two 

octaves. This is accomplished by placing the 5
th
 

partial [0, 4] notes away from the 

fundamentalðthat is, exactly four tempered 

perfect fifths higher. The octaves of the note 

that is [-2, 4] higher than the fundamentalði.e., 

                                                 
ii
 Also known as the comma of Didymus, the didymic 

comma, and the Ptolemaic comma, the syntonic comma is 

uniquely identified as the ratio 81/80. 
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a major third higherðwill align with the 5
th
 

partial and its octaves, making the tempered 

major third consonant. This tempers the 

syntonic comma out of both tuning and timbre. 

Our comma sequence can be extended to 

include starling comma.
iii

 

The starling comma can be tempered out by 

placing the 7
th
 partial [-3, 10] notes away from 

the fundamentalðthat is, ten tempered perfect 

fifths higher, minus three octaves. The octaves 

of the note that is [-5, 10] higher than the 

fundamentalði.e., an augmented sixth higherð

will align with the 7
th
 partial and its octaves, 

making the tempered augmented sixth 

consonant. This tempers the starling comma out 

of both tuning and timbre. 

These defining intervals map the temperamentôs 

timbresô low-prime partials, relative to the 

fundamental, to these intervals: 

¶ 2
nd

 partial at [1, 0] (P8) 

¶ 3
rd

 partial at [1, 1] (P5) 

¶ 5
th
 partial at [0, 4] (M3) 

¶ 7
th
 partial as [-3, 10] (a6) 

                                                 
iii
 Also known as the septimal semicomma and the small 

septimal comma, the starling comma is uniquely 

identified as the ratio 126/125. Single-word comma-

names are preferred in our paradigm, to make 

temperament naming simpler. 
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Figure 5: Note-matrix, t[ �������������������@�����Z�����V�\�Q�W�R�Q�L�F���W�H�P�S�H�U�D�P�H�Q�W�¶s defining intervals. 

Yellow: fundamental & its octaves; blue: 3
rd

 p.; pink: 5
th

 p.; green: 7
th

 p. 

Mapping Non -Prime Partials  
Each non-prime partialôs partial number N can 

be factored into prime numbers. If Nôs prime 

factorization includes only the 2, 3, 5 and 7ð

the primes for which this temperament defines a 

note-mappingðthen the N
th
 partial can be 

mapped to a note in the note-matrix, too. Just 

add up the interval mappings of the prime 

factors. For example: 

¶ 9 = 3*3, and the 3
rd

 partial is [1, 1] away 

from the fundamental, so the 9
th
 partial is [1, 

1] + [1, 1] = [2, 2] away from the 

fundamental. 

¶ 12 = 2*2*3; the 2
nd

 partial is at [1, 0] and 

the 3
rd

 is at [1, 1], so the 12
th
 is [1, 0] + [1, 

0] + [1, 1] = [3, 1] away from the 

fundamental. 

¶ 14 = 2*7; the 2
nd

 partial is at [1, 0] and the 

7
th
 is at [-3, 10], so the 14

th
 is at [1, 0] + [-3, 

10] = [-2, 10]. 

¶ 33 = 3*11; the location of the 11
th
 partial is 

undefined in the above-described 

temperament, so the location of this partial 

is undefined, too. Just leave it out of the 

temperamentôs timbres. 

Temperament Naming  
In the Matrix paradigm, a temperament is 

named by reversing the order of the commas in 

its comma sequence. If the comma sequence 

includes only the syntonic comma, then the 

resulting temperament would be called the 

syntonic temperament [40]. If it subsequently 

included the starling comma, it would be called 

the starling syntonic temperament.
iv
 

Alternatively, a temperament can be uniquely 

described by expressing the simplest possible 

primary consonance of each prime limit in terms 

of alpha and beta. This would describe the 

starling syntonic temperament as: 

alpha å (2/1) 

beta å (3/2) 

5/4 å (2/1)
-2

 (3/2)
4
  

7/4 å (2/1)
13

 (3/2)
-10

  

The starling syntonic temperament shares all of 

the characteristics of the syntonic temperament 

and adds new characteristics due to its 

tempering out an additional comma. References 

below to the syntonic temperament include the 

starling syntonic temperamentðand any other 

                                                 
iv
 This temperament is also known as septimal meantone. 


