The Matrix : A Parsimonious Paradigm for Music

ABSTRACT Committee invites new, thought
Ever since Pythagoras first plucked a string provoking, even revolutionary

2,500 years agahe consonance dir at i os o0 fdeaso

smal | wh o | esprovidedla paradigm h a

for musial harmony and music education. The historicdy doubleexponential rate of
However, recent reseah suggests that advance in technological efficiency[23]
Pythagoras was wrongdn that he confused a increases the labor productivityf nearly all
special case with general ruleThis confusion human activities. Howeverthe impact of
has led totwo related musical criseand an technologyon the labor produivity of musical
anomaly a crisis of tonality,a crisis in music performanceand educationhas beersmall [3,

educatiqq and an anomaly in music theory  4]. Given that people have only a limited
Recognizng the gene_ralsource _Of consonancé  amount of time in each day (or year, or lifetime)
leads to an alternative paradigm: the Matrix to invest in mastering any given activitgnd

The Matrix paradigm has the potential to that their return on investment in music

resolve thecrises to explain the anomalyto education continues to falh relative termsan

solve at least one old theoretical problem, and to eventual crisis in music education was

provide new creativepportunities inevitable. By providing a theoretical basis for
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Music, paradigm Matrix, tuning, temperament, properties, an_d by facilitatinthe exposure of

comma, intervalscale, notematrix, Harmonic those properties through the use of modern

SeriesponWestern parsimony Pythagorean digital .technologylhe Matrix paradigm has the
potential to resolve this crisis.

CRISIS & ANOMALY IN MUSIC . _

There aretwo ongoing crises in musia@ crisis Crisis of Tonality

of tonality and a crisis inmusic education. According to Schoenberg, by 1®the structural

There is also an anomaly, in that the inharmonic  résources of tonality had been exhaudied,

music of some nolVestern cultures cannot be  leading to a crisis which causedmany

explained by the West 6 sCOmRpssrs qf ary mugjo,apandpn tgnglityBy
extending the framework of tonality to include

Crisis in Music Education _ _ new structural resources, the Matrix paradigm
Many leading music educatobglievethat their has the potential to resolve this crisis.

field is in crisis. For exanip, the Call for ) _
Papers forthe 2008 annual conference of the Anomaly in Music Theory

College Music Society statg€l] that Pythagoraso firatios of s

an artifact of the Harmonic Series, and as such
ASomeésuggest t hat are releviant only 0 harmonic timbres. Theories
happening in music today is not at of music based on the Harmonic Series do not
all dissimilar to a global warming accommodate the inharmonic music of some
crisis for our field. If a cemin nonWesern cultures, nordo they directly
desperation is detected in this call, accommodate Western tempered tunings (which
it is meant only to break through the move their notes out of alignment with the
encrusted proprieties of academic Harmonic Series). By providing a unifying
pretension. Ideas that may have theory of musial harmony the Matrix
served us well in the pagmay] paradigm has the potential to resolve this
now hold us back. The Program anomaly.



Crisis and Paradigm Shift whether thos@artials were inharmonic timbres
According to Kuhnés t hermoty of paradigm shifts

[22]’| thz ?ccumulation O.f anorrt'la!ies 3nmiise§t Se%hares foHnd supporting evidence in the very
canieadloare xami natl Oaeepe a inhar'mgnlc nudic that had challenged the

assimptions. harmonic paradigm 38. For example, the
TODAYOS PYTHARBRREGVN timbres of the marimblke Thai renat and
Pythagorasplucking the string ok monochord, Mandinka African balafon [19] have strong
observed that its tones were most consonant partialsthat align closely with the notesf the
when played in ratios of small wholember$ 7-edd tunings used in their indigenous music

such as the octavebs 2[38, Likewse thp éimbfeeot the Ihdoriesiam 6 s
t he maj o4, and ko on.ddissprodded gamelan gong[38], when crossed with a
music theory with a paradign® that is, fia hamonic timbre such as the human voice
philosophical and theoretical framework of a  produces a hybrid pattern of spectral péaks
scientific school or discipline within which neither harmonic nor strictly goriked that
theories, laws, and generalizations and the aligns with the notes of theddoslendroscale.
experiments performed in support of thesne

formulated 29. _ _
Pythagorasb wla raadd iwgsm ‘ﬂg [Jl'her aremany musicallynotable tunings

. o . : all of which need to be explained by any
reinforced by, the scientific discoveries of eneralized theorv of music
SauveurRameauHelmholtz, and others, which 9 y '
provided an acoustic basis for the Harmonic 9§ The key to consonance any tuning is the
Seriesandfor the Just Intonation tuningystem alignment of notes and partials.
arising from it [L6].

There are tweassential poirstin this.

To discuss tunings, we mufirst discuss the
Pythagorea n Problem notematrixd a matrix ofintervalsfrom which
However, the indigenous music of many non  the Matrix pardigm takes its name.

Western cultures was found not to fit this NOTE MATRIX

Pythago.rean paradigm. The music Qf the The Matrix paradigm is based ona two
Ind_oneS|angameIar,1 Thairenat and Ma_nd_mka dimensionalnote matrix, which can be picture
African balafon for example, were all distinctly asa rectangular grid of cells, like a spreadsheet.

inharmonid® that is, emittedtimbres that did Each cell is uniquely identified by its row and

_nct>t folllowht:lef ”Harngjonlct:. Serfles, rlllor huT,e column integers which (unlike a spretsheet)
intervals what toliowed ratios ot smatl Whole .5, e negative. Each such cell, identified as

number® and yet still distinctly musical. Some fnotefow, columio, represents a unique

concluded that the perception of MUSIC Was  yysicalinterval away from the origin note[O, 0].
merely cultural, with no acoustic basis

whatsoeverT, 24]. Eachrow is alpha cents away from the adjacent
rows above and belgweach column is beta

A PARTIAL ALTERNATIV E ;

In 1992, building on the work of Plomp & cens away fromthe adjacentcolumns left and

Levelt [34], William Sethares proposed a
generalization of Pyt h aAjoedogringisonehich dides thegogiave Wi ¢ h
embraced the migsof these other culture87]. equal intervals of equal width, i.e., @q_ual division o_f
In very brief, his finding was that intervals were the octave, hence edo. The most familiar example is 12
El e ,
mo st consonant when t heiynpRay iaeh@dl & ehplentla mM@dS o

pitches wi t h a ti @br e Gemperarsetitsractmirgyse age tdiffergdtahings, isathe s
word Atemperamento i s not wus

do usual Hyonealelgeuda| A lt2 mper

e



right. A small portion of this infinite twe
dimensionalinotematrix is depicted inFigure 1

below. In this figure, each cell contains its
unique [row, column] coordinates.

Generator (Beta)

-5 -4 -3 2 -1 0 1 2 3 4 5

51 [5,-5]1 [5,-4] [5,-3]1 [5.-21 [5.-11 (5,01 [5.11 [5.2] 5,31 [5.4]1 1I5,5]

4 [4,-5] [4,-4] [4,-3] [4,-2] [4,-1] [4,0] [4,1] [4,2] [4,3] [4,4] [4,5]

31 13,-5] [3.-4] [3.-3]1 [3,-2] [3.-11 3,01 3,11 1[3.2] 13,31 1[3.4] [3,5]

_’Eé‘ 2l 12,-5] [2.4] [2,-3]1 [2,-2] [2.-11 [2,0] 2,11 1[2,2] 12,31 1[2.4] 1|2, 5]
:f:‘* 1 [1,-5] [1,-4] [1,-3] [1,-2] [1,-1] (L 0] [L 1] [L,2] |[L3] [L,4] I[L,5]
S O 10,51 [0,-4] [0,-3] [0,-2] [0,-1] [0,0] [0,1] 10,2] 1[0,3] [0,4] [0,5]
2 -1 [FL-5]1 [-1,-4] [-1,-3] [-1,-2] [-1,-1] [-1,0] [-1,1] [-1,2] [-1,3] [-1,4] [-1,5]
& 2| [-2,-5] [-2,-4] [-2,-3] [-2,-2] [-2,-1] [-2,0] [-2,1] [-2,2] [-2,3] [-2,4] [-2,5]
31 [-3,-5] [-3,-4] [-3,-3]1 [-3,-2] [-3,-1] [-3,0] [-3,1]1 [-3,2] [-3.3] [-3,4] [-3,5]

| [4=5] [4:-4] [4-3] [%42] =1 [49] 9,11 [423] 35 [44] [40]

-5 [-5,-5] [-5,-4] [-5,-3] [-5,-2] [-5,-1] [-5,0] [-5,1] [-5,2] [-5.3] [-5,4] [-5,5]

Figure 1: A small portion of an infinte two-dimensionalnote-matrix .

For example, from the origin note[0, 0],
1 the note[1, O] is one alpha higher;

1 the notefl, 0] is one alpha lower;

1 the note[0, 1] is one beta highand
1 the note[l,-1] is one alpha higher anshe

beta lower.
To be

cl ear
notethat isone alpha and two betas higher than
the ori gi n,d withhnolpreceding 1,

Anotel[ 1,

fi n od imdicates an intervalhat is one alpha

plus twobetaswide.
TUNINGS

The choice oluniquevalues for alpha and beta
defines atuning T h e
indicates a specific tunindzach unique tuning
produces a uniqupattern of intervalvidths in

the notematrix.

For exampl e,

n o tlaalt p hoan,

denotes the tuning in whichpha is 1200 cents
wide and beta is 700 cents wjdavhich
produces the familiar intervals of -E2lo tuning

A range of
bet a

range,
{{120Q 686720].

t uni n g[salpha an

range], O

Alternatively, a tuning range can halicated as
interval

ftfdi at oni c

Afdi atoni c

(P8),

the tempered perfect fifth (P5),

nterval o
interval such as the tempered perfect octave

tempered major third (M3), etc.

Building the Diatonic Scale
exampl e,

usingghenpteM@tlixe a t e s

As

an

In the tuning rang¢ P8 PY,
1 %I[])hais in a range that is suitable for the

tempered perfect octave, and

1 betais in a range that is suitable fohe
tempered perfect fifth (P5).

The stak of fifths that includes theonic solfa

Let ds
buildt h e
the tuning range t[P8, P5], h i s
expresse@h matrix form as

bra: [0l sh

Ab & dm@slofthe diatonic scales

FaDo-So-ReLa-Mi-Ti

That is, Do is one P5 higher than Fa; So is two
three

fta@0,no7@adJ®sh hkhgher;

Re

associate
maj or

i s

the
| et 6s b u
the uniqu

nsot es

i s
Do

scal e

110%0R $0:80%], RR: 30,211

Wi

t h

inr om t
stack of

of Lavjoha], Mi:No, garR[o,sp X ampl e i

To fit these intervals within a single octave
adjust the octaves

di at Ea:qli,-lﬁ, Doi: [(516] §of [6’,1? I!Qe]. [-5_), 2], N

S

whi



La: [-1, 3], Mi: [-2, 4], Ti: [-2, 5]
Reordering this stack into the order of notes in
thedescendingnajor scale gives:

Do: [1, 0], Ti: [-2, 5], La: [-1, 3], So: [0, 1]

Fa: [1,-1], Mi: [-2, 4],Re: [1, 2], Do: [0, O].

That gives us the following formulas for the
width of each interval from Dowith P8=1200
but leaving P5 as a variable:

Do: [(1 * 1200), (O * P5),
Ti: [(-2* 1200),  (5* P5)]

La: [(-1* 1200), (3* P5)],
So: [0*1200),  (1* P5)],
Fa: [1* 1200),  (-1* P5)],
Mi: [(-2* 1200), (4* P5)],
Re: [-1*1200), (2* P5)],
Do: [(0 * 1200), (0 * P5)].

Figure2 belowshows the widths of the intervals
of the major scale for theedifferent tunings in
the rangd[1200, P5]:

1 t[1200, 696.6] (“comma meantone);

1 t[1200, 700] (12=do); and

1 t[1200, 702] (Pythagorean).

P5
696.6 700 702

Ya-comma 12-edo  Pythagorean
Do 1200 1200 1200
Ti 1083 1100 1110
La 890 900 906
So 697 700 702
Fa 503 500 498
Mi 386 400 408
Re 193 200 204
Do 0 0 0

Figure 2: Diatonic scale t[1200, P5].

Clearly, the only difference between these
tunings isthe width of betaThis implies that
the tuning range t[1200, P5] could contain a
range of notable tunings.

A Range of Notable Tunings
Figure3 below [26] showsa number ohotable
tunings int[1200, 686720].

Width of
the

Notable
equal
tunings

Matshl generator
i anle M
Cohs (incents)

H T

720| 5-TET Indonesian slendro
719
718
717
716
715|
714
713
712
711
710
708| 22-TET
708
707
706| 17-TET
705
704
703
Pure 3/2 Pythagorean 702
| 701 ;
| 700| 22-TET \I\_n‘e.stemlc, 1800
|69 o
1/5-comma| 698 43-TET
1/4-comma| 697 | 31-TET Huygens/Fokker
2/7-comma)| 696 SO-TET
1/3-comma| 595| 19-TET Guillaume Costeley
594
693
692| 26-TET
691
690
689
688
687
686| 7-TET

Figure 3: Notable tunings in t[1200, 686720].

InFigure3, t he abbTrETvoi asttiaonnd sfi
A ioneequalte mper ament-ed oo al Ine
this document as disceesd above. These are
tunings not temperaments. The only difference
among them is the width of beta.

53-TET Turkish

5-limit

Pure 5/4

7-limit

11-limit
Ordinal Tuning Ranges

Purer-Tuning Range

Pure 6/5

Thai traditional, Mandinka
balafon

Many notable tunings are shown inFigure 3.
Pythagorean tuning and -&é@mma meantone
tuning have a long history in European music
[1]. Ancient Chinese bronze bells may also have
been tuned in Yéomma meantongs]. 19-edq
22-edo, and31-edohave received attention from
Western music theorist§2]. As discussed
above,5-edo is closely related to the Indonesian
slendro tuning, while 7edo is used in the
indigenousmusic of Thailand and Mandinka
Africa.



continuous sweep from one end to theed a

of o9 o o
:-03 B Efi i g E tuning continuum

— I TEMPERAMENT &'TIMBRE.

1100 ﬂM*MMM - The Matrix paradigm delivers consonance

1000 e Ll et aaossa tuningcontinuumby temperingeach of

90 [ | e ok a ti mbr e slignpwathr a niotaih the

800 | - notematrix. Themappingof partialsto notes is

e e M i B —=— A determined by demperamentA temperament

233 i ] N N e e 2 Is uniquely defined by aomma sequendé(].

400 i O Y A B el A commais a tiny interval from the Harmonic

300 [ et T e B Series, and a comma sequence is an ordered list

200 -fommer=tl —Ab of commas.

100 H (DBtt)) . .

0 H 0 R e Cb The Matrix paradigmcurrentlyuses only rani2
2885388853882 7228 temperaments, meaning thtte notes ofthe
notematrix are generated by only two variables,

Figure 4: The effect of tuning on note pitches alpha ad beta.
Figure 4 shows a more comprehensive view of A t e mp e r cefmiagn intérels are the
the effect of changing the tuninigs notenames ordered setf intervalsconsisting ofalpha, beta,
are based on a simple stack of fifttentered on and then the commas of thet e mper ament
D, as shown in the legend at the right of the comma sequenceTogether, theydefine the
figure. mappingofa t i mbr edsd B bme pa

etcd to notes inthe notematrix. A timbre that
has had | artlals magp&déhls waylg called d
atempered imbre 2

On the leftof the body ofFigure4, where beta =
686 <cents, the tuningos
7-edo tuning. As the width of beta increases, the
intervals separating thewotes of the tuning To illustrate this consider the syntonic
change. temperament, which in which alpha represents a
f D, the origin note[0, 0], does not change its tempered octave, beta a tempered perfect fifth,
pitch as beta6s wi dt handihe first eogmasithe comma sequence

t

1 A &G, [0, 1] and [0,-1] respectivelyeach the syntonic comma
being only one beta away from the origin,  The syntonic commas the difference between
changepitchdh et ads r ate four just perfect fifths (3/2), and two octaves

T E&C, [0, 2] and [0,-2] respectivelyeach (2/1) minus a just major third (5/4). The
being two betas away from the origin,  syntonic comma can be temperst by making
change pitch at twi ceth®tniparédfajor thitrdebe exalbt equal in

T éand so on, thatisrhbetasa c hwidth @tfo@irtemperedoerfect fifths minus two
away from the origin changing pitch at octavesThis is accomplishebly placingthe 5"
ti mes betads rate. partial [0, 4] notes away from the

fundamenta that is, exactly four tempered

perfect fifths higher.The octaves of the note
that is[-2, 4] higherthan the fundamentli.e.,

As beta increasdsom left to right acros§igure
4, it passethroughthe notable tunings indicated
in Figure3.

Thesenotabletunings ardike beads on a string,
of which the most interesting aspect is not the " Also known as thecomma of Didymysthe didymic

beads, but rather thstring. It is a single commaand thePtolemaic commgathe syntonic comma is
uniquely identified as the ratio 81/80.



a major third highé¥ will align with the "
partial and its octaves, making the tempered
major third consonant.This tempers the
syntonic comma out dfoth tuning and timbre

Our comma sequence can be extended to
includestarling commd'

The starling commacan be tempered ouiy
placingthe 7" partial [3, 10] notes away from
the fundamenta that is, tentemperedperfect
fifths higher minus three octave3he octaves

of the notethat is [-5, 10] higher than the
fundamenta i.e., an augmented sixth higlder

will align with the 7" partial and its octaves,
making the tempered augmented sixth
consonant. This tempers the starling comma out
of both tuning and timbre.

These defining intervalapthet e mper ament 6 s
timbresd low-prime patials, relative to the
fundamental, to these intervals

1 2"partialat[1, O] (P8)

T 39partial at [L, 1] (P5)

q 5" partial at P, 4] (M3)

q 7" partial as {3, 10] (a6)

" Also known as theseptimal semicommand thesmall
septimal comma the starling comma is uniquely
identified as the ratio 126/125. Singord comma
names are preferred in our paradigm, to make
temperament naming simpler.



Figure 5: Note-matrix, {[

Yellow: fundamental & its octaves blue: 3% p.;

Mapping Non -Prime Partials

Eachnonpr i me patrltnungdel B san
be factored into prime numbers | f NGO s
factorization includes only the 2, 8,and ®

the primes for whiclthis temperament defines
notemapping then the N" partial can be
mapped to a note in theotematrix, too. Just
add up the interval mappings of the prime
factors. For example:

1 9 = 3*3, and the 8 partial is [1, 1] away
from the fundamental, so thd'@artial is [1,
1] + [1, 1] = [2, 2] away from the
fundamental.

1 12 = 2*2*3; the 29 partial is at [1, 0] and
the 3%is at [1, 1], so the 12is [1, 0] + [1,
0] + [1, 1] = [3, 1] away from the
fundamental.

1 14 = 2*7; the ¥ patial is at [1, 0] and the
7Mis at [3, 10], so the 1%is at [1, 0] + {3,
10] = [-2, 10].

§ 33 = 3*11; the location of the TIpartial is
undefined in the aboveescribed
temperament, so the location of this partial
is undefined, too. Just leave it oat the
temperament 6s ti

@ Z V\QWRQLFs W¢fhPGintehRB.H QW I

- green: 7" p.

Temperament Naming

In the Matrix paradigm, a temperament is
ngnpeg lﬁ;{éeversing the order of the commas in
itS comma sequencdf the comma sequence
includes only the syntonic comma, then the
resulting temperament wouldbe called the
syntonic temperameridQ]. If it subsequently
includedthe starling comma, it would be called
thestarling syntonic temperametit

Alternatively, atemperament can beniquely
described by expressingpe simplest possible
primary consonance of each prime lifniterms
of alpha and beta. This would descrilbiee
starling syntonic temperameas

alpha & (2/1)

beta a (3/2)

5/ 42/1% (3/2)

7 1 421183 (3/2)*°

The starling syntonic temperament shares all of
the characteristics of the syntonic temperament
and adds new characteristics due to its
tempering out an additional comma. References
below to the syntonic temperament include the
starling syntonic temperaméntind any other

mbres. This temperament is also knowsseptimal meantone



